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Abstract: We consider single trace operators of the form Ol1...ln = TrDl1+F . . .Dln+F
which are common to all gauge theories. We argue that, when all li are equal and large,
they have a dual description as strings with cusps, or spikes, one for each field F . In
the case of N = 4 SYM, we compute the energy as a function of angular momentum by
finding the corresponding solutions in AdS5 and compare with a 1-loop calculation of
the anomalous dimension. As in the case of two spikes (twist two operators), there is
agreement in the functional form but not in the coupling constant dependence. After
that, we analyze the system in more detail and find an effective classical mechanics
describing the motion of the spikes. In the appropriate limit, it is the same (up to the
coupling constant dependence) as the coherent state description of linear combinations
of the operators Ol1...ln such that all li are equal on average. This agreement provides a
map between the operators in the boundary and the position of the spikes in the bulk.
We further suggest that moving the spikes in other directions should describe operators
with derivatives other than D+ indicating that these ideas are quite generic and should
help in unraveling the string description of the large-N limit of gauge theories.
Keywords: spin chains, string theory, QCD.
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1. Introduction
It has since long been suspected that four dimensional confining theories have a dual
string description, at least in the large-N limit [1]. The strings should emerge as
the flux tubes of the confining force. However it was only relatively recently that a
precise duality between a gauge theory and a string theory was established through
the AdS/CFT correspondence [2]. It turned out however that the theory in question
(N = 4 SYM dual to IIB strings on AdS5 × S5) is not confining and therefore another
explanation for the appearance of strings was required. In a recent paper, Berenstein,
Maldacena and Nastase [3] made the first steps in that direction by showing that
certain operators in the boundary theory corresponded to string excitation in the bulk.
After that, it was observed that such relation followed from a more general relation
between that of semi-classical rotating strings in the bulk [4] and certain operators in
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the boundary. A lot of activity followed those papers. In particular many new rotating
solutions were found1. In a parallel development, Minahan and Zarembo [8] observed
that the one-loop anomalous dimension of operators composed of scalars in N = 4
SYM theory follows from solving and integrable spin chain2. This allowed the authors
of [10] to make a much more detailed comparison between particular string solutions
and certain operators in the gauge theory. This result followed from a detailed analysis
of the dilatation operator which was discussed in [12, 13], rotating string solutions [14]
and previous calculations [11]. Also, an important role in the comparison is taken by
the study of the integrable structures of both sides of the correspondence [15, 16].
It was later suggested [17] that a classical sigma model action follows from con-
sidering the low energy excitations of the spin chain. It turned out that such action
agrees with a particular limit of the sigma model action that describes the propagation
of the strings in the bulk. This idea was extended to other sectors including fermions
and open strings in [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] and to two loops in [29].
In [30, 31] the relation to the Bethe ansatz approach was clarified. Further, similar
possibilities were found in certain subsectors of QCD [32]. An interesting summary on
the relation between previous work in QCD and the more recent work can be found in
[33]. A different but related approach to the relation between the string and Yang-Mills
operators has been successfully pursued in [34, 35, 36] where a geometric description
in terms of light like world-sheets was found. In that respect see also [37] and the
discussion of supersymmetry in [38].
However, most of that work referred to a situation where the string was moving, at
least partially on the sphere of AdS5 × S5. Nevertheless, solutions rotating purely on
AdS5 are known, an example being the folded rotating string of [4] which was conjec-
tured to be dual to twist two operators in the gauge theory. This relation was confirmed
in [39, 40] where it was shown that similar results for the anomalous dimension are ob-
tained by using Wilson loops with cusps (following previous work in QCD [41]). Twist
two operators are single trace operators of the form
O = TrΦ1 (
↔
D+)
l Φ2 (1.1)
where D+ denotes the covariant derivative in a light-cone direction x+ (x+ = x + t
in Minkowski and x+ = x1 + ix2 in Euclidean signature) and Φ1, Φ2 indicate generic
adjoint fields in the gauge theory. In QCD the anomalous dimension of these operators
play an important role in the understanding of deep inelastic scattering [42].
1See the recent reviews [5, 6, 7] for a summary with a complete set of references.
2In QCD the relation between spin chains and anomalous dimensions had already been noted in [9].
This relation is the one we are actually using in this paper.
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In our case, we are interested in single trace operators because they are the relevant
ones in the large-N limit of gauge theories and we would like to find a string description
for them. The most generic single trace operator is of the form (suppressing Lorentz
indices)
O = TrDl1Φ1 . . .DlnΦn (1.2)
that is, has an arbitrary number of fields Φi instead of just two, and the derivatives
can be in any direction. As an intermediate step to the full understanding of these
operators, in this paper we concentrate on the simpler case
O = TrDl1+Φ1 . . .Dln+Φn (1.3)
namely when all derivatives are along the same direction x+. Moreover, we also consider
that the number of derivatives is large (li ≫ 1). In this limit the anomalous dimension
is dominated by the contribution of the derivatives and we can ignore the exact nature
of the fields Φi (in principle they do not even need to be elementary fields, they can also
be composite fields of small conformal dimension). In the case of twist two operators,
there is an associated string [4] (which is a closed string folded on itself to resemble a
line segment) meaning that strings can be associated to such operators even when the
number of fields is small. This appears different of what was discussed in [17] where
it was shown that a sigma model/string action follows from taking a continuum limit
when the number of operators is very large, each operator being associated to a portion
of the string. However it is not actually different if we think of associating each portion
of the string to each covariant derivative. In that case, the operators Φi should appear
as distinguished points along the string. In the case of twist two operators there are
two fields Φ1,2 and two distinguished points, namely the two cusps at the end points
of the segment along which the string is folded. By analogy we expect that if we have
n operators, there should be n distinguished points. One can, therefore, conjecture
that operators of the form (1.3) have a dual description in terms of rotating strings
with n cusps as already suggested in [43]. We test this idea by considering such strings
rotating in AdS5 and comparing their energy with a 1-loop calculation in the field
theory in the limit of large angular momentum J . The leading term in the anomalous
dimension is n/2 times the result for the case of two cusps and behaves as ln J . In
the field theory the result is reproduced, up to the coupling constant dependence, by
considering and operator with equal number of derivatives acting on each field. In
particular, this again implies that the total number of derivatives, namely the angular
momentum, is a multiple of n, the number of fields.
At the next order in J which is order one, such operator is not an eigenstate of
the dilatation operator. To better understand the system we map the operators into
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configurations of a spin chain with n sites, one for each field, and with an infinite number
of states per site, labeled by li (i = . . . n), the number of derivatives. We then consider a
coherent state description derived in [22] and further studied in [22, 27, 30, 43] (following
previous ideas in [8, 9, 12, 13, 43]). This description assumes that each site i of the
chain is in a coherent state parameterized by two variables ρi, θi. The average number
of derivatives is 〈li〉 = sinh2(ρi) which is consider to be constant. When l1 ≫ 1, the
action of the dilatation operator on these states can be described in terms of a classical
action for the remaining variables θi.
On the string side we consider the possibility that the spikes move, shifting their
angular position and find an effective classical mechanics that describes this motion. Up
to the coupling constant dependence it agrees with the one derived from the coherent
state picture in the regime where the number of derivatives at each site is large (or
equivalently the energy of each spike is large).
We should emphasize once more that this fact does not imply an agreement between
string and gauge theory since the couplings are different on both sides. In spite of that,
we believe that the comparison is still remarkable because it means that there is a
string description of the operators even at 1-loop. The only point is that such string
propagates in an AdS5 space of different radius than at strong coupling.
The organization of this paper is as follows: in section §2 we study the solutions
in flat space and in section §3 we extend them to AdS space, deriving also an effective
description in terms of the dynamics of cusps. In section §4 we compare this descrip-
tion with the 1-loop field theory description of the dual operators and finally give our
conclusions in section §5.
2. Spiky strings in flat space
As with the folded string, it is convenient to start by studying the solutions in flat
space and then generalize them to AdS. This is so because in flat space the solutions
are particularly simple3 and therefore all their properties can be easily derived. This
simplicity is manifest in conformal gauge where they become just a superposition of a
left and a right moving wave:
x = λ cos ((n− 1) σ+) + λ (n− 1) cos (σ−) (2.1)
y = λ sin ((n− 1) σ+) + λ (n− 1) sin (σ−) (2.2)
t = 2 λ (n− 1) τ = λ (n− 1) (σ+ + σ−) (2.3)
3In fact, in flat space, these solutions are known [46] as pointed out to me by M. Gomez-Reino and
J.J. Blanco-Pillado.
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where σ+ = τ + σ, σ− = τ − σ, n is an integer and λ is constant that determines the
size of the string. Here, (τ, σ) parameterize the world-sheet of a string moving in a
Minkowski space of metric:
ds2 = −dt2 + dx2 + dy2 (2.4)
The solutions are periodic in σ with period 2π and satisfy the equations of motion in
conformal gauge:
(∂2τ − ∂2σ)Xµ = 0, Xµ = (t, x, y) (2.5)
as well as the constraints
(∂+X)
2 = (∂−X)
2 = 0 (2.6)
Quantum mechanically the state has nR = λ
2(n− 1)2 right moving excitations of wave
number kR = 1 and nL = λ
2(n−1) left moving excitations with wave number kL = n−1
(satisfying the level matching condition nRkR = nLkL).
All excitations carry one unit of angular momentum and therefore the total angular
momentum and energy are given by
J = nL + nR = λ
2n(n− 1), E =
√
2(nLkL + nRkR) = 2λ(n− 1), E = 2
√
n− 1
n
J
(2.7)
which agrees with a classical computation. For n = 2 we recover the standard Regge
trajectory E =
√
2J and for n > 2 we get a Regge trajectory of modified slope. The
variation in slope is not large since for n→∞ we get E = 2√J (however, this limit is
singular because the string has infinite energy).
At fixed time, the shape of the string for different values of n takes the form depicted
in figs.(1) and (2). It can be seen that the string has n spikes4 or cusps and, analyzing
the time dependence, that it rotates rigidly in such a way that the end points of the
spikes move at the speed of light. Notice that this does not necessarily mean that a
point of fixed σ moves in a circle since the string can slide on itself. In the appendix we
introduce other world-sheet coordinates where σ parameterizes the shape of the string
and translations in τ correspond to rigid rotations. It is clear however that in such a
gauge X˙.X ′ 6= 0 and therefore it is not the conformal gauge used in this section.
To find the position of the cusps we can use the fact they appear whenever X ′2 = 0
which happens if
(n− 1)σ+ − σ− = 2πm, ⇒ σ = 2πm
n
− n− 2
n
τ with m = 0 . . . n− 1 . (2.8)
4It might be interesting to consider also T-dual configurations which have (n− 2) spikes pointing
inwards.
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Therefore, there are n cusps which, for τ = 0, are at σ = 2πm
n
, m = 0 . . . n−1. In space
time they are located at r = rc = nλ and θ = 2
n−1
n
τ − 2πm
n
where (r, θ) are standard
polar coordinates in the plane (x, y). The velocity at which the spikes move is given by
v = rc
dθ
dt
= rc
dθ
dτ
dτ
dt
= 1 (2.9)
namely, the speed of light.
As a final point, to which we will come back later, note that J can be written as
J = nLn and therefore is a multiple of n. The same result can be argued using the
classical solution5: since the shape of the string is invariant under rotations of 2pi
n
, if we
quantize it as a rigid body, the only allowed values of J are multiples of n in such a way
that the wave function has the same symmetry under 2pi
n
rotations. More precisely, if
|θ〉 denotes a state where the configuration is rotated by an angle θ, a state of angular
momentum J is
|J〉 =
∫ 2pi
0
eiJθ|θ〉 dθ (2.10)
If |θ〉 = |θ + 2pi
n
〉, the integral vanishes unless J is a multiple of n.
The argument based on the shape of the classical solution becomes important in
the AdS5 case where we cannot quantize the string exactly.
In the next section we generalize these solutions to AdS space. Before doing that
however let us comment in one counterintuitive feature of the flat space solutions. In the
folded rotating string one argues that the tension of the string provides the centripetal
force necessary for circular motion. The same idea applies for the spikes here but, on
the other hand, the bottom of the valleys should be pulled outwards by the rest of the
string, opposite to the centripetal acceleration. The first point to explain what happens
is that there is no centripetal acceleration since the valley is instantaneously at rest
as a simple calculation shows and as also follows from the fact that, at the bottom
of the valley, any angular motion is parallel to the string and therefore unphysical.
Nevertheless it is still true that the rest of the string pulls this point outwards in the
radial direction. Again a simple computation reveals that the point moves away from
the origin in such a way that it still stays on the string profile. Namely, the string
rotates and therefore an instant later, at the same angular position, the radial position
of the string increased exactly to match the outward motion of the portion of string at
the valley.
5I am grateful to L. Urba for providing this argument.
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Figure 1: Rotating string with 3 spikes in flat space. We plot (x, y) in eq.(2.3) parametrically
as a function of σ = 0→ 2pi for n = 3, λ = 1 and τ = 0.
3. Spiky strings in AdS
For the case of string rotating in AdS we were not able to find such simple expressions as
for the flat space case. We resort to using the Nambu-Goto action which leads to more
complicated expressions but whose properties are still easily understood. Consider a
string moving in a space parameterized by (t, ρ, θ) with metric
ds2 = − cosh2ρ dt2 + dρ2 + sinh2ρ dθ2 (3.1)
which is the metric of AdS3 which can be considered as embedded in AdS5 for the
purposes of the AdS/CFT correspondence. We choose world-sheet coordinates in such
a way that
t = τ, θ = ωτ + σ, (3.2)
and make the ansatz that the string is rigidly rotating which implies ρ = ρ(σ), namely
∂τρ = 0. The Nambu-Goto action is
S = −
√
λ
2π
∫ √
−X˙2X ′2 + (X˙X ′)2 (3.3)
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Figure 2: Rotating string with 10 spikes in flat space. We plot (x, y) in eq.(2.3) parametri-
cally as a function of σ = 0→ 2pi for n = 10, λ = 1 and τ = 0.
where λ is the ’t Hooft coupling in the field theory and the scalar products are taken
with the metric (3.1). Notice that we set the radius R of AdS5 to one by writing
explicitly the ’t Hooft coupling whenever R2/α′ should have appeared. This makes all
quantities adimensional. The ansatz we use implies that
X˙2 = − cosh2 ρ+ ω2 sinh2 ρ, X ′2 = ρ′2 + sinh2 ρ, X˙X ′ = ω sinh2 ρ (3.4)
and √
−X˙2X ′2 + (X˙X ′)2 =
√
ρ′2(cosh2 ρ− ω2 sinh2 ρ) + sinh2 ρ cosh2 ρ (3.5)
We can further check that the equations of motion for t and θ, following from the action
(3.3), are satisfied if
ρ′ =
1
2
sinh 2ρ
sinh 2ρ0
√
sinh2 2ρ− sinh2 2ρ0√
cosh2 ρ− ω2 sinh2 ρ
(3.6)
where ρ0 is an integration constant. Furthermore we can check that, if we assume (3.6),
the equation of motion for ρ is also satisfied. From the expression for ρ′ we see that
ρ varies from a minimum value ρ0 to a maximum value ρ1 = arccothω. At ρ = ρ1,
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Figure 3: Rotating string with 3 spikes in AdS space. In the figure, (ρ, θ) in eq.(3.1) are
standard polar coordinates and we use the ansatz (3.2) together with (3.9) (and τ = 0) to
plot one half of a spike and then rotate and reflect to plot the others. The same result can
be obtained by using (3.20) which does not require this gluing procedure. In both cases the
parameters are ρ0 = 0.2688735, ρ1 = 2.
ρ′ diverges indicating the presence of a spike and at ρ = ρ0 vanishes, indicating the
bottom of the valley between spikes. To get a solution with n spikes we should glue 2n
of the arc segments we get here. For that we need to choose ρ1 and ρ0 in such a way
that the angle between cusp and valley is 2pi
2n
. This fixes one constant. The other, for
example, can be fixed by giving the total angular momentum J . In that way we can
determine the energy E(n, J).
3.1 Exact solution
If we take equation (3.6) for ρ and do the following change of variables:
u = cosh 2ρ, u0 = cos 2ρ0, u1 = cosh 2ρ1. (3.7)
the resulting integral can be computed in terms of the elliptic function Π defined as
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Figure 4: Rotating string with 10 spikes in AdS space obtained in the same way as fig.3 but
with ρ0 = 0.88266273, ρ1 = 2.
[44]
Π(α, n, p) =
∫ α
0
dβ√
1− p2 sin2β (1− n sin2β)
, α ≤ π
2
(3.8)
The result is
σ =
sinh 2ρ0√
2
√
u0 + u1 sinh ρ1
{
Π(α,
u1 − u0
u1 − 1 , p)−Π(α,
u1 − u0
u1 + 1
, p)
}
(3.9)
where
p =
√
u1 − u0
u1 + u0
(3.10)
sinα =
√
u1 − u
u1 − u0 (3.11)
The resulting shape, for constant time and two different values of n, is depicted in
figs.(3) and (4). The angle difference between the spike and the valley as well as the
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angular momentum and energy carried by the string can be computed as
∆θ = 2
∫ ρ1
ρ0
sinh 2ρ0
sinh 2ρ
√
cosh2 ρ− ω2 sinh2 ρ√
sinh2 2ρ− sinh2 2ρ0
dρ (3.12)
J =
2n
2π
ω
2
√
λ
∫ ρ1
ρ0
sinh ρ
cosh ρ
√
sinh2 2ρ− sinh2 2ρ0√
cosh2 ρ− ω2 sinh2 ρ
dρ (3.13)
E − ωJ = 2n
2π
1
2
√
λ
∫ ρ1
ρ0
sinh 2ρ
√
cosh2 ρ− ω2 sinh2 ρ√
sinh2 2ρ− sinh2 2ρ0
du (3.14)
As discussed before, λ is the ’t Hooft coupling, and n the number of spikes which
determines ∆θ = 2pi
2n
. Note also that E and J are multiplied by 2n to obtain the total
energy and angular momentum. Again, the change of variables (3.7) proves useful
reducing the computation to elliptic integrals:
∆θ =
sinh 2ρ0√
2 sinh ρ1
1√
u1 − u0
{
Π(
π
2
,
u1 − u0
u1 − 1 , p)−Π(
π
2
,
u1 − u0
u1 + 1
, p)
}
(3.15)
J =
2n
2π
√
λ√
2
cosh ρ1√
u1 + u0
{
− (1 + u0)K(p) + (u1 + u0)E(p)−
u20 − 1
u1 + 1
Π(
π
2
,
u1 − u0
u1 + 1
, p)
}
(3.16)
E − ωJ =
√
λ
2n
2π
√
u1 + u0√
2 sinh ρ1
(K(p)− E(p)) (3.17)
with p as in (3.10). The functions K(p) and E(p) are defined by [44]:
K(p) =
∫ pi
2
0
dα√
1− p2 sin2 α
, E(p) =
∫ pi
2
0
√
1− p2 sin2 α dα (3.18)
Although it is interesting that the result can be expressed in terms of well-studied
functions the actual expressions are not very illuminating and will not be used in the
rest of the paper. For comparison with the field theory we consider now the limit in
which the string is moving in such a way that ρ1 ≫ 1 which, as we will see, is the
large angular momentum limit. Before doing that however, we would like to clarify the
process of gluing several segments to form the string. In the previous section that was
not necessary and here actually it is not necessary either. It rather appears because of
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the choice of world-sheet coordinates. We can define a new σ˜ such that
θ − ωτ = σ = sinh 2ρ0
sinh ρ1
√
2(u1 + u0)
{∫ σ˜
0
dα√
1− p2 sin2 α [1− u1−u0
u1−1 sin
2 α]
−
∫ σ˜
0
dα√
1− p2 sin2 α [1− u1−u0
u1+1
sin2 α]
}
(3.19)
sinh2 ρ = sinh2 ρ1 cos
2 σ˜ + sinh2 ρ0 sin
2 σ˜ (3.20)
The integrals are of the form (3.8) and then at first sight it seems that σ˜ is the same as
α in (3.9). However care should be taken since this is valid only for the first half spike
(at least according to the standard definition of the elliptic integral which is valid for
α ≤ pi
2
)6. As defined here, σ is a monotonically increasing function of σ˜, namely dσ
dσ˜
≥ 0
with dσ
dσ˜
= 0 precisely at the cusps since dρ
dσ
= dρ
dσ˜
dσ˜
dσ
diverges if dσ
dσ˜
= 0. In fact, that is
the only indication of the presence of cusps since now θ and ρ are regular functions of
σ˜ and no gluing process is needed. Of course, what we still need to do is to adjust ρ0
and ρ1 to get the right periodicity for θ(σ˜) and ρ(σ˜).
3.2 Asymptotic expansion
To compare with the field theory we take a large angular momentum limit corresponding
to ρ1 ≫ 1. In this limit, the energy E turns out to be equal, at leading order, to
the angular momentum J and the difference E − J , which we compare to the field
theory, is proportional to
√
λ(ρ1 − ρ0). In view of this, we require, in addition, that√
λ(ρ1−ρ0)≫ 1 which means that the spike carries a large energy and can be described
semi-classically7.
In this limit, ω = coth ρ1 → 1, and a good approximation is obtained by replacing
ω = 1 in ∆θ and E − ωJ . This results in
E − J ≃ E − ωJ ≃ 2n
2π
√
λ
∫ ρ1
ρ0
sinh 2ρ√
sinh2 2ρ− sinh2 2ρ0
dρ =
2n
4π
√
λ arccosh
u1
u0
(3.21)
∆θ ≃ 2
∫ ρ1
ρ0
sinh 2ρ0
sinh 2ρ
dρ√
sinh2 2ρ− sinh2 2ρ0
(3.22)
6This point is just a problem of definitions but should be taken into account before using formulas
which assume some particular extension of Π(α, n, p) for α ≥ pi
2
.
7The limit ρ1 − ρ0 → 0 presumably describes a regime where the contribution of the derivatives
to the anomalous dimension is not dominant but it is not clear to us what operators describe that
situation.
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=
π
4
− 1
2
arcsin
(
1 + u21 − 2u21/u20
u21 − 1
)
(3.23)
where, as in (3.7) we defined u1 = cosh 2ρ1 and u0 = cosh 2ρ0. From here we obtain
the energy of each half-spike as
E − J
2n
≃
√
λ
8π
arccosh
(
1 + 2 sinh2 2ρ1 sin
2∆θ
)
(3.24)
≃
√
λ
8π
{
4ρ1 + ln(sin
2∆θ)
}
(3.25)
where the last approximation is done using ρ1 ≫ 1 and assumes that ∆θ is not as small
as to make e2ρ1 sin∆θ ≫ 1 invalid. This means that we cannot put an extremely large
number of operators n ∼ e2ρ1 . As shown below, this is equivalent to the assumption
ρ1 − ρ0 ≫ 1. The result (3.24) can also be derived easily in a more illuminating way.
Indeed, the approximation ω ≃ 1 can be done directly in the Nambu-Goto action
resulting in
SNG = −
√
λ
2π
∫ √
ρ′2(cosh2 ρ− ω2 sinh2 ρ) + sinh2 ρ cosh2 ρ (3.26)
≃ −
√
λ
4π
∫ √
(2ρ′)2 + sinh2 2ρ (3.27)
This means that, in this limit, the action is simply the one for geodesics in the metric
ds2 = (dρ˜)2 + sinh2ρ˜ dθ2 (3.28)
where ρ˜ = 2ρ, we parameterize the geodesic with θ = σ, and solve for ρ(σ). The energy
is therefore
E − J
2n
=
√
λ
8π
L(ρ1,∆θ) (3.29)
where L(ρ1,∆θ) is the geodesic distance between two points at the same value of
ρ˜ = 2ρ1 and separated by an angle 2∆θ (recalling that ∆θ is the angle between a peak
and a valley, and therefore half the angle between peaks). The geodesic length in the
hyperboloid (3.28) can be easily computed and agrees with (3.24).
To compute J , we notice that the largest contribution comes from ρ ∼ ρ1 where
the denominator inside the integral (3.13) is small. Again, assuming ρ1 − ρ0 ≫ 1, we
can make the approximation that ρ ∼ ρ1 ≫ ρ0 leading to
J ≃ 2n
2π
√
λ
∫ ρ1
ρ0
sinh2 ρ√
cosh2 ρ− ω2 sinh2 ρ
dρ ≃ 2n
2π
√
λ
4
eρ1
∫ ρ1
ρ0
e2ρ√
e2ρ1 − e2ρ dρ
≃ 2n
2π
√
λ
4
e2ρ1 (3.30)
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Let us now consider the limit in which ρ1 →∞ keeping ρ0 fixed and large. In this
limit (3.23) implies that
∆θ ≃ 1
u0
≃ 2 e−2ρ0 (3.31)
and (3.30) implies that J → ∞. Since the number of spikes n is equal to n = π/∆θ,
the limit ρ1 → ∞ keeping ρ0 fixed and large is the limit of large angular momentum
keeping the number of spikes fixed. In this limit we get, from (3.25) and for large J :
E ≃ J +
√
λ
n
2π
ln
(
4π
n
J√
λ
)
, (J →∞) (3.32)
which, for n = 2 agrees with the result obtained in [4] and in [39, 40] using a different
method.
3.3 Fluctuations
Certain fluctuations around the solution correspond to a change in the positions of
the tip of the spikes along the circle ρ = ρ1. The potential energy of interaction
between spikes is given by the energy of the string hanging between them as computed
in (3.25), where we should now keep the (subleading) term proportional to ln(sin2∆θ)
which contains the dependence on their relative position. A kinetic energy appears
when the spikes move with respect to each other. Since the tip of the spike moves at
the speed of light this can only happen if a spike moves up or down in ρ. For example if
it goes up the angular velocity decreases but at the same time there is a cost in energy
since the spike is longer. More precisely, if the spike shift upward to a position ρ1 + δρ
the energy cost is
δ(E − J) = 2
√
λ
2π
δρ (3.33)
since, at constant ∆θ, from (3.25) we get E − J ≃ 2
√
λ
2pi
ρ1 (the extra factor of 2 is
because (3.25) corresponds to half a spike). At the same time the variation in angular
velocity is
δω =
d
dρ1
cosh ρ1
sinh ρ1
δρ = − 1
sinh2 ρ1
δρ (3.34)
From here we obtain
δ(E − J) = −
√
λ
2π
2 sinh2ρ1 δω =
√
λ
2π
(cosh 2ρ1 − 1) θ˙ (3.35)
where we call θ the displacement of the spike with respect to a reference position moving
at constant angular velocity. δ(E − J) acts as the kinetic energy. Putting all together
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we expect the dynamics of the spikes to be described by an action
S =
√
λ
2π
∫
dτ
∑
j
(cosh 2ρ1 − 1) θ˙j −
√
λ
8π
∫
dτ
∑
j
{
4ρ1 + ln(sin
2(
θj+1 − θj
2
))
}
(3.36)
where θj denotes the angular position of each spike assumed to move around the circle
ρ = ρ1. In the following section we compare this action with the field theory result
obtained in terms of coherent operators.
Before doing that, however, let us finish this section by noticing that, in principle,
the spikes could be moving in any direction along the S3 of AdS5:
ds2 = − cosh2ρ dt2 + dρ2 + sinh2ρ dΩ3[3] (3.37)
When all spikes are moving at small velocities with respect to each other this motion is
again expected to be described by the same classical mechanics. If we go to embedding
coordinates where AdS5 is the manifold described by:
X21 +X
2
2 +X
2
3 +X
2
4 −X20 −X2−1 = −1 (3.38)
and we introduce complex coordinates Z1 = X1 + iX2, Z2 = X3 + X4, W = X0 +
iX−1, the solutions we described move in Z1, W . Since the phase of W should be
identified with time, the spatial sections we are interested in can be described as a coset
SU(1, 1)/U(1). If we include motion in Z2 this should generalize to SU(2, 1)/U(1).
4. Gauge theory description
4.1 Field theory operators and coherent state description
Now we would like to describe the operators dual to these strings in the field theory.
First, for a small number of spikes and for ρ1, namely the radial position of the tip
of the spikes, approaching the boundary, it seems that the corresponding state in the
boundary theory is that of a set of particles moving at almost the speed of light. One
particle for each spike. Therefore, using the operator state correspondence the related
operator, at least in the free theory, should be
O = Tr∂l1+Φ1 . . . ∂ln+Φn (4.1)
To get a gauge invariant operator we replace ordinary derivatives by covariant deriva-
tives ∂+ → D+ everywhere and recover (1.3) as the suggested dual operator. In fact,
starting from the field theory, it was already suggested in [43] that operators of this
type should be described by strings with several cusps approaching the boundary. Here
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we provide actual string solutions with such property. The fields Φi can be the scalars,
fermions or the field strength of N = 4 SYM theory. It is clear that we do not have
enough information to distinguish which particular field appears. That should be de-
termined by other internal degrees of freedom of the string. For the scalar they are
clearly the directions of the sphere S5. For the fermions and field strength they are
presumably the fermionic degrees of freedom propagating on the string. In any case we
leave this interesting problem for the future and concentrate here on the case where the
main contribution to the anomalous dimension comes from the derivatives and properly
identifying Φ is irrelevant.
In that case, ignoring the contributions from the Φi, the total number of derivatives
determines the angular momentum of the operator J =
∑n
i=1 li and the conformal
dimension in the free theory ∆ = J =
∑n
i=1 ni. Identifying ∆ with E, the energy of
the string we reproduce the leading result in (3.32),i.e. E ≃ J , and are left to compute
the subleading (in the large J expansion) logarithmic term.
When J is a multiple of n, an operator with l1 = . . . = ln = J/n can be constructed.
Such configuration is invariant under cyclic permutations (for this purpose we assume
that all the fields Φi are the same). Of course the trace enforces cyclic permutation
symmetry for any operator but what we mean here is more than that, it means that
all operators that are multiplied are the same. This fact and the fact that for such
operator J is a multiple of n lead us to identify it, at least as a first step, with the
spiky strings we described in previous sections. Moreover, for large J , its anomalous
dimension can be easily computed using, for example, the discussions in [13, 22, 27]8
giving, for large J ,
∆− J ≃ 4λ
(4π)2
n ln
J
n
(4.2)
in agreement with the subleading term in (3.25), except for the coupling constant
dependence. In spin chain language, this state has the same occupation number in
each site. The diagonal part of the Hamiltonian gives the desired result, the non-
diagonal part being subleading for large J . As pointed out in [43], from the string
point of view, this result depends only on the fact that the string configuration has
n cusps approaching the boundary and does not depend on the details of the string
configuration. To get more information, we can try to go further and find an eigenstate
or, in the case when the number of derivatives is large, use a coherent state approach.
This was actually done by Stefanski and Tseytlin [22]9. The coherent state at a given
8See also [43] for a relation to cusp anomalies of Wilson loops.
9See also [27]for a discussion of the kinetic term.
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site i is a function of two variables:
|ρi, θi〉 = 1
cosh ρi
∞∑
li=0
eiliθi(tanh ρi)
li |li〉 (4.3)
where |li〉 is a state representing 1li!D
li
+Φi. The average value of li is given be 〈li〉 =
sinh2 ρi and we are going to consider it to be the same for all sites following our previous
discussion. Such coherent states can be used to find a classical action for the spin chain
Hamiltonian resulting in [22]:
S =
1
2
∑
i
θ˙i(cosh 2ρi − 1)− 2λ
(4π)2
n∑
i=1
ln
1− ~ni.~ni+1
2
(4.4)
where ~ni = (− cosh 2ρi, sinh 2ρi cos θi, sinh 2ρi sin θi) and the scalar product between ~n’s
is taken with signature (−1, 1, 1). Replacing the parameterization of ~ni and considering
a reduced situation where all ρi are equal and large we get
S ≃ 1
2
∑
i
θ˙i(cosh 2ρ− 1)− 2λ
(4π)2
n∑
i=1
(4ρ+ ln sin2(
θj+1 − θj
2
)) (4.5)
Notice that the number of derivatives at each site is l = sinh2 ρ and therefore we need
ρ ≫ 1 also in the field theory. Again we see that we get perfect agreement with the
string description, up to the dependence of the coupling constant. This is nevertheless
remarkable because it means that we can give a string description of this operators
even at small coupling. We only need to modify the radius of AdS5 space.
From the 1-loop calculation this symmetric operator with all 〈li〉 equal appears to
be the one of largest conformal dimension suggesting that the spiky strings should be
unstable. This is also seen in the fact that the potential between spikes is attractive
and therefore the situation is of unstable equilibrium. In any case this is not a problem
for us since we propose these solutions as a dual description of certain operators and
not as long-lived states.
As mentioned before, when studying a similar problem in QCD a related classical
mechanics emerges. Some interesting solutions can be found in [45]. The results of this
paper suggest that those calculations should have an interpretation as the motion of
semiclassical strings.
4.2 The radial direction in the field theory?
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Since we have been describing a mapping between op-
A
k
Φ
( )(
( )x
1
2
j
x
k−j−1
Φ ( 1 ) )x
Figure 5: Feynman dia-
gram contributing to the
anomalous dimension.
erators and strings in AdS5 it is a natural question to see
if we can clarify in some way the meaning of the radial di-
rection of AdS5 from the field theory point of view. In this
subsection we give some thought to this point but unfortu-
nately without arriving to any definite conclusion.
From the discussion in the previous sections a picture
emerged where we can map the fields Φi to cusps on the
string. The radial position ρ1 ≫ 1 of the cusp is related
to the number of derivatives li through
√
λe2ρ1 ∼ li sim-
ply by equating the angular momentum of the cusp to the
number of derivatives. The angular position is the corre-
sponding angle in the coherent state description. Although
less clear, it appears that the portion of the string hanging
between cusps is related to the gluons appearing in the covariant derivatives. Unfortu-
nately we cannot make this very precise but there is an interesting fact that seems to
appear already in perturbation theory. The covariant derivatives are naturally ordered
because they do not commute. Notice that this in not only because the gauge field is
matrix-valued but also because the ordinary derivative and the gauge field Aµ(x) do
not commute. So, even at lowest order, when all derivatives are ordinary except one,
there is a meaning to the question of where the gluon is inserted. Consider the operator
O = 1
k!
Dk+Φ =
1
k!
∂k+Φ + gYM
1
k!
k−1∑
j=0
∂k−j−1+
(
A+∂
j
+Φ
)
+ . . . (4.6)
where we kept only the lowest term in the expansion in the Yang-Mills coupling constant
gYM . If we now consider a diagram such as that in fig.(5) (and use Feynman gauge) it
turns out that the contribution to the anomalous dimension coming from the term
gYM
1
k!
∂k−j−1+
(
A+∂
j
+Φ
)
(4.7)
is proportional to 1
j+1
+ 1
j+2
. The total contribution of this diagram to the anomalous
dimension δ is
δ ∼
k−1∑
j=0
(
1
j + 1
+
1
j + 2
)
(4.8)
which for large k behaves as 2 ln k giving the logarithmic dependence on the angular
momentum which here is given by k. If we notice that j is the number of derivatives
between A+(x) and the operator Φ, we can loosely say that the contribution to the
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anomalous dimension is inversely proportional to the distance from A(x) to the operator
Φ (measured by how many derivatives are between them).
If we compare with the result in the string side where we have at leading order
E − J ∼
∫ ρ1
ρ0
dρ (4.9)
it seems natural to identify j ∼ eρ1−ρ and therefore one will be tempted to say that a
gluon corresponding to a covariant derivative “far” from the operator corresponds to
a portion of string deeper in AdS5 space. Clearly more work is required to make this
more precise.
5. Conclusions
In this paper we studied certain single trace operators in gauge theories and argued
that they have a dual description in terms of strings with spikes, one spike for each field
appearing in the operator. In the case of N = 4 where the dual background is known,
we solved the equation of motion for the string and find that the motion of the spikes
can be described by an effective classical mechanics which, in its form, agrees with
a coherent state description of the operators in the field theory generalizing previous
results in [4, 43]. Using only a 1-loop calculation, the dependence on the coupling
constant does not match the supergravity result which in principle is not surprising
since the latter is valid for strong coupling. The main point however is that even the 1-
loop calculations in the field theory can be interpreted as coming from a classical string
moving in a background. Computing higher loops in the field theory would change the
Hamiltonian of the spin chain but keep the generic picture intact. One exception is
that at higher loops the number of operators is not conserved under renormalization
group flow. This can be taken into account since neither is conserved the number of
spikes. It should be interesting to see if the formation or disappearance of spikes can
be matched to analogous processes in the field theory.
Although the operators we have studied are not the most generic ones, it seems
that the picture we advocate here, of strings with spikes that represent local operators,
should be rather generic. If instead of operators we consider states of the theory in S3,
those would be localized particles moving almost at the speed of light on the positions
of the sphere closest to each spike and surrounded by a “cloud” corresponding to the
the strings hanging between the tip of the spikes. This is in the case of N = 4 which is
not confining. In a confining case it is possible that a similar picture describes localized
particles connected by flux tubes.
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A. Spiky strings in flat space, rigid rotation
The same calculations that we did for the rotating string in AdS space can be done
in flat space and recover the solutions discussed in section 2. We use world-sheet
coordinates such that
t = τ, θ = ωτ + σ (1.1)
and use the ansatz ρ = ρ(σ) for a string propagating in a metric
ds2 = −dt2 + dρ2 + ρ2dθ2 (1.2)
The equations of motion following from the Nambu-Goto action are satisfied if
ρ′ =
ρρ1
ρ0
√
ρ2 − ρ20√
ρ21 − ρ2
(1.3)
where ρ1 =
1
ω
and ρ0 is a constant of integration. From the Nambu-Goto action:
S = −
∫ √
(1− ρ2ω2)ρ′2 + ρ2 (1.4)
we can compute the angular momentum an energy as
J =
1
2π
∫
ωρ2ρ′2√
(1− ρ2ω2)ρ′2 + ρ2 dσ =
1
2π
∫ ρ1
ρ0
√
ρ2 − ρ20√
ρ21 − ρ2
ρ dρ =
1
8
(ρ21 − ρ20) (1.5)
E =
1
2π
∫
ρ′2 + ρ2√
(1− ρ2ω2)ρ′2 + ρ2dσ =
1
2π
1
ρ1
∫ ρ1
ρ0
ρ21 − ρ20√
ρ21 − ρ2
√
ρ2 − ρ20
ρ dρ (1.6)
=
1
4
1
ρ1
(ρ21 − ρ20) (1.7)
where we used eq.(1.3). The angle difference between spike and valley can be computed
as
∆θ =
∫
dσ =
ρ0
ρ1
∫ ρ1
ρ0
√
ρ21 − ρ2√
ρ2 − ρ20
dρ
ρ
=
π
2
ρ1 − ρ0
ρ1
(1.8)
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Now we use that ∆ = 2pi
n
where n is the number of spikes that the string has. This
gives
ρ0
ρ1
= 1− 2
n
(1.9)
which results in
J =
n− 1
n
ρ21 , E = 2
n− 1
n
ρ1 ⇒ E = 2
√
n− 1
n
J (1.10)
which reproduces the result we obtained using conformal gauge. To see the relation
more directly we can do the following coordinate transformation on the world-sheet:
τ = x1 +
ρ0
ρ1
x2 (1.11)
σ = −ρ0
ρ21
x2 + arctan
(
ρ0
ρ1
tan
x2
ρ1
)
(1.12)
which puts the world sheet metric in diagonal form and results in
t = x1 +
ρ0
ρ1
x2 (1.13)
ρ =
√
ρ21 cos
2 ωx2 + ρ
2
0 sin
2 ωx2 (1.14)
θ = ωx1 + arctan
(
ρ0
ρ1
tan
x2
ρ1
)
(1.15)
or, in Cartesian coordinates
x = ρ cos θ =
1
2
((ρ1 + ρ0) cosωx+ + (ρ1 − ρ0) cosωx−) (1.16)
y = ρ sin θ =
1
2
((ρ1 + ρ0) sinωx+ + (ρ1 − ρ0) sinωx−) (1.17)
(1.18)
where x± = x1 ± x2. Finally we do a last coordinate transformation given by
τ˜ = x1 +
ρ0
ρ1
x2 (1.19)
σ˜ =
ρ0
ρ1
x1 + x2 (1.20)
which results in
x =
1
2
{
(ρ1 + ρ0) cos(
τ˜ + σ˜
ρ1 + ρ0
) + (ρ1 − ρ0) cos( τ˜ − σ˜
ρ1 − ρ0 )
}
(1.21)
y =
1
2
{
(ρ1 + ρ0) sin(
τ˜ + σ˜
ρ1 + ρ0
) + (ρ1 − ρ0) sin( τ˜ − σ˜
ρ1 − ρ0 )
}
(1.22)
t = τ˜ (1.23)
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which is the same as (2.3) after identifying
τ˜ = (ρ1 + ρ0)τ, σ˜ = −(ρ1 + ρ0)σ, λ = 1
2
(ρ1 − ρ0) (1.24)
and using, from (1.9), that
ρ1 + ρ0
ρ1 − ρ0 = n− 1 . (1.25)
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